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What is State Space Model(SSM)?

Ao, 22 KEX, 0|4
+Bu,y = Cx + DuHENE A

3 (RWKV, RetNet, Mamba,Hyena)=0| Zt&t7|

mi¥+cx+kx=F z AFER EFR] Al

0
=] & !
o= (State Equation)

)
— X =Ax + Bu
y = Cx + Du =3 HE4
(Output Equation)

H7|7|Ak 20194 7| =

RetNet (ICLR) Mamba (ICML)
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What is State Space Model(SSM)?

= RNN A E=2 7

= SSM A €2 1
State Equation
Equation)2 &

O\ |

T L h h 1 X
8 Th $ &
~ ]

State equation Output equation
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Evolution of State Space Model

HAIZQI Albert Gu 2t Tri Dao 2 2ol sE2 80

SSM2 T H|Q(NLP,Vision)
Of 5| %3tE O{EH o+,
_4_\'_53 01':&17‘” HHI’E_}” St 7-|0|7l- ( l'g_cl'_—g—)

MambaZN

NeurIPS 2020 NeurIPS 2021 ICLR 2022 NeurIPS 2022 ICML 2024 ICNL 2025

A molat fon GiAte - . 3
_ IME+E Holsk= Ci“é"eluilgrlA ; | AE diagonal TZEZ2 i Gating Mechanism Mamba OF7[EIX &
e HEE measurement £ HZE HHS| L3 =) HH X3} sl3 Linear Attention
Aarlx el g 152 &3 mostn 91t AZ DPLRE Vandermonde Hatri i N o z2 sl
oy = ; 3 - andermonde Matrix i Channel MixingS IER BHISHH,
o= Holstrh o HTE 2l €.+ Kernels 2 oidsts | BM H |8} BhaH epuol Siat 2|xjstE
N Convolution FFT2 gtot w20 FCH i B ) o 2 Aot
MOB HBkSIR}H Cauchy WHZ2 HH
CIMS AsEIRH H

auE T

_

~

Convolution HALE GPU F:rie.no“l/ ot
K| X3 A|7|X SSM ELES KM A|7|A}

—_— =

L'T'I System Tme Dependent
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Hippo

= f(t)2| 1t 2| HE E Orthogonal Polynomial Basis®| =2 &2

SSME ED'HO.J(NLP,VISIOH)
ol 5| &3tE H{EH oSt
ASF 019 WA ¥ Ay R

NeurIPS 2020

49| FwE
A%l 2ol
o= Fosit

i

Convolution SIALZ 4A3tx0 2 GPU Friendly ot
K| Mgt A7k} i SSM HELHE KEE A|F|R

L'T'I System T!Me. Dependen‘t
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Hippo

= Problem Setup

- Sequence 20| A roal DependencyE & ZHE 5t11 ot&5S

o|0|gt. (Online memory apprOX|mat|on
o XS olC
= st |')

Online memory a!oprommatlon fear = f(X) |y BF2 & M, 7,0l CHRF SEE 71 & HE2
£ QT E Bl g 2 K=

- (argmin |fo — )l Lz(w(t))'g() EG)
Universal approximation: 2= f(x)0| CHSHA| 2ASHE &+ g0 E e A.
- (argmin|f —gl,p < €3g €F)
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Hippo

= Orthogonal Polynomial Basis2| 222 f(t)& HHSHAH

Orthogonal Polynomial BasisZ (f projectionSt0 ZALZHg® == ¥ ¢;(t)¢;(t)) HE S}
2, AT (c(@)el tHQfE SOl £, H= f% -;F-&' O} AL (ex) Fourier A|I2|=,PCAR S22 HYH )
c(t)7|'—c(t) = A()c(t) + B(t)f(t) HE =2 HolotCt 0 G O|otCtH, E0{0f o= &A=
argmin |fo — g®| Ly (@ ©) g®ec E 9 [[fEfH F= M2 v A E=. o] 2HE =7
oM mrie chodfSe
- 1. G £ Hilbert space0|010F gt

fer 2 g0 CHSHA NormO| H2| | O{Of 17| 2.

%c(t) =A)c@) + B()f(t) 7t & +=EHO| EEE[0{OF 57| I Z(0|M2E FHE 517 I &)

- 2. Inner Product < f,g >= [ f(x)g(x)w(x)dx 7} ‘32| E|0{OF 3}2 = measurement w (x)7 EL| |0
Of gt

Orthogonal Polynomial Basis: =

(B} etn -

Discrete-time HiPPO Recurrence #
Continuous-time HiPPO ODE

d
760 =A@)e(®) + BIOF(E)

-—
Crer1 = A + By fi discretize

Copyright 2025. B & All rights reserved
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Hippo

= Orthogonal Polynomial Basis?| &2 2 f(t)E
* f<= Closed- formedOI HEE[= OPZ Projection= ¢t

HSSHAH
() g 2l C

_?_
Moo= AS d—c(t) = A(t)c(t) + B(OfF(t) 22 2|38t 0| ODE £ 0]
Acceq + B f, SHIZ Bt = A (BE +42 4

L

=
- L
=
—

LegT:

Ank — 8{

()" *2n+1) ifn>k
2n +1 ifn<k’

1

oef 7} tO]| [Ch2tA
A|‘S>_|' Ol-D:| Ct =

O 2 BH=O{ %l Hippo-LegT 2 EtH 2 CttAoZ ot

|ppo—LagT% e~

1 — —
LegT : p*) () = ~l_gq(z) LagT : ;L(”(:r) = }H(_mlt] (z) = {

e

0 0

LagT:
B, — é(Zn—l—l)(—l)” 1) A=

2

-3 3

3 -5 4

-3 5 =7 5

3 -5 7 -9 6

-3 5 =7 9 -1 7

3 -5 7 -9 11 -13 8

Copyright 2025. BFel&d All rights reserved

=t jfr <t
ifx >t




Hippo

= RNN + Hippo
« 7|Z=9] RNNIt HippoE 2 5I0] AtE.

T(h,z) = (1 — g(h,x)) o h + g(h, x) o tanh(L,(h, x)), g(h,x) = o(Ly(h,x)).

'ht

h, e RY = T(he—1, [ct—1, %))
fr € R = L(hy)
¢, € RY = hippo, (f)

= Ay 1+ Bify

Copyright 2025. 2Ei& All rights reserved
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SSME EU‘”?J(NLP,VIS?OV\)
off X1X%tS o{=A o2,
SEE ofZl w27 ¥ AN R

NeurIPS 2020 NeurIPS 20821

LB Holsts

el HEE measurement S
Aex2|H g0 g
oF Hosiat

Convolution SHAIE GPU Friendly SHA|
X3t Al7|X i SSM HAS A[X3E AlFIRE

L’I’ I System T me Depe.na(e.nt
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LSSL

= Hippo: Orthogonal Polynomial Basis2| 2H(==A3t £|0f 1)1}
M2

FE27] A Ee)

Output

Discretize

At

. 'III""'""IIIII""I'L'I||I"'l||I"IIII-'IIIII"'"'"'I||I""""'I“L"

S

Continuous-time Recurrent Convolutional
 continuous data V' unbounded context V' local information
 irregular sampling ' efficient inference J parallelizable training

Copyright 2025. B & All rights reserved
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LSTM, GRU, RNN)O| Backward Euler Method2 0|2 HI’HAIS 0]
|, Picard MethodE O|4t2iot YENE = = /N O L2 &=

ent ¥AHS Convolution &
(@)

I
N

Iz HIrZ N
loriot po fokrpy

Output

Discretize

At

. 'III""'""IIIII""I'L'I||I"'l||I"IIII-'IIIII"'"'"'I||I""""'I“L" y
Continuous-time Recurrent Convolutional
 continuous data V' unbounded context V' local information

 irregular sampling ' efficient inference J parallelizable training
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LSSL

= Structured Learnable Matrices
7|E2| Hippo Ol A = £782 measure w Of [t2tA % & SHEI Orthogonal Polynomial basis
= JHOIOLT'_ O|2 7|HIO 2 A matrix2S MA.
19|29 | w01| = &4 A matrix(LRW(Sa et al(Gu7t Zs) ACM 2018)21)7t =5t
EO| M4 SSM (x = Ax + Bu)2E B 7}595lCH= A= S8, (Thoerem 1)

<:,OH/H A MatrixZ Trainable oA A% 4= 10, LRW Matrix2 2 O| 838l M 4kt 242

A A OO O OF A O|O
°|' EEOE'-_I_)J\I:IE 2k = AS.

':l'o|-7-|| a;(X) = X1 9i;(X) - a;;(X), (i 2 2 BAHE|E 7|8 LY 22 TG & matrix,
Hippo: ¥ ¢;(1)¢:(6) %iEHE SH4E HH,

0| 220 ChEIAL A is2 oo AEOIAME ABCO
'é‘FgE,'_P SO A j:l-_01E 0] E”.:l

=

Thoerem 1. For an arbitrary measure w, the optimal memorization operator hippolw) has the
For x(t) = Ax(t) + Bu(t) for a low recurrence-width(LRW) state matrix A

Copyright 2025. B & All rights reserved
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LSSL

State Space ModeI(SSI\/I)OI Convolution &4t
* LSSL 01|A1 BB OIALS ZHCHSHA M Che o 2

29|
o
(=]

u; + -~ CABuy_; + Buy, + Duy, 7t ==, O]
AAS non- C|rcular convolution 22 =
y = ?CL(A,B,C) *UuU+ Du
¥, (A,B,C) = (CAiB)iE[L] € Rl = (CB,CAB,...,CA"'B)
fKL(A,B, C) = Krylov function 0]7| &0 HHFE71| o4l

ua5| separable Matri *( RW) O|D§ A o1A O(N)O|
2 FFT2 OEIM% Tdg = A7 H=Z0 o(Nlog

For simplicity let the initial state be z_; = 0. Then unrolling (3) explicitly yields

o — EU() xry — ABU() + Eul o — Z‘zE’UJ() + AB?LL + EUQ
yo = CBug y1 = CABugy + CBu, y2 = CA"Bug + CABu, + CBuy

This can be vectorized into a convolution (4) with an explicit formula for the convolution kernel (5).

Yp = CAkBuu + CAk_lﬁul 4.+ CABuy_; + CBuy
y = K *u.

K e RE = K. (A, CA'B) CB.CAB,...,CA" 'B).

Copyright 2025. B & All rights reserved




LSSL

= RNNs are LSSLs

e’k = A, 2 g [ Backward Euler methodZ O|4F=2} SFA| E|H RNN 2| &
I_'f S gotA =,
=, RNN A€ 24 Ol&tst AlZI REO|2ID 2 5= US.

Backward Euler method. The backward Euler method approximates (11) by holding the right endpoint
constant throughout the integral (i.c., the “rectangle rule” with right endpoint), f(s,z(s)) = f(fx, =(tx)). The
discrete-time update becomes

Tk — Th—1 = (fk — tr—1)f(tk, o (k) (13)
= Aty f(te, z1)-

E(t) = —xz + f(t,z(t)) (14)
LEémma C.1. Consider an RNN of the form

zr = (1 — o(zx))Th—1 + rf(zk)?(k,:r:k_l), (15)

where 7(/:, x) is an arbitrary function that is Lipschitz in its second argument (e.g., it may depend on an
external input g ).

Then eguation (15) is a discretization of the dynamics (14) with step sizes Aty = exp(zk), i-e. xx = z(tg)
where t, = Z:”;l At;.
Proof. Apply the backwards Euler discretization (13) to equation (14) to get

T — Tp—1 = Aty [—xp + f(t, zx)]
(1 =+ Atk)l'k =1+ Atkf(tk,;r:k)

1 Aty
Tp = T b, Tk )-
Tk = T A, 1+ 1+Atkf( ko k)

_ e%k 1 1
Note that 1+AL,. = ire = 15— and g

zp = (1—o(zk))rr—1+ ri(zk)?(k,rk,l)_

_ Ay
=1—37a5 thus

Here we are denoting f(k,z) = f(t,z) to be a discrete-time version of f evaluatable at the given timesteps
. O

Note that a potential external input function wu(t) or sequence uy, is captured through the abstraction
f(t,z). For example, a basic RNN could define f(k,z) = f(tk, z) = tanh(Wz + Uuy).

Copyright 2025. 2Ei& All rights reserved
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LSSL

= RNNs are LSSLs
« RNN 598 2 &2 BackWard EuIerE 1X} O] Ak=t,
« LSSL: &9t B2 Picard iteration 2 &3 0{8 H ZAt=} (Using Stacking) (ex)EI 22l &
)

Table 6: A summary of the characteristics of popular RNN methods and their approximation mechanisms for capturing
the dynamics #(t) = —=z(t) + f(t,x(t)) (equation (14)). The LSSL entries are for the very specific case with order
N=land A=-1,8B=1,C =1,D = (); LSSLs arc more gencral.

Method RNN RNN LSSL LSSL
Variant Gated Gated, lincar Discrete (1)4(5) Continuous (1)+(2)
Special cases LSTM [28], GRU [14] QRNN [5], SRU [33]

Deep? Single-layer Deep Deep Decp
Continnous? Discrete-time Discrete-time Discrete-time Continuous-time
Linear? Non-linear Lincar Linear Linear

Approzimation
Depth-wise - Picard iteration Picard iteration Picard iteration
Time-wise Backwards Euler GBT(cx = 1) GBT(x = 3) (i.c. Bilincar) -

Copyright 2025. BFel&d All rights reserved
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LSSL

= Deep LSSLs Architecture

Basic LSSL:1D sequened| CHSHA] 2|7t £|0] /US.

Deep LSSL: linearS S8 A hidden dimension, |22 XtelS Holstn, 2t X+l HOf
CHoi M S EIA QI LSSLE SollAM ALZ = .+ FeedForward Layer 7t5H0], H feature
O CHot 242 =™, Transformer T+ 2t H|=5tA| stacking= =A5t7| I3l , Residual,

Layer Normalization =7},

LSSL

|

N

@i A-(F) -4 ()
@) - A—(F ) i@
@i} A—(F -4 -(F)

(dw)buTxT| T2uUaYD

|

Copyright 2025. BFel&d All rights reserved
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SSME EU'“?_l(NLP,V?sIon)
ol 5| &3tE OEH st
458 019N W2 ¥ 1o

NeurIPS 2020

mro HEE
Aze2lH Hel 8
o Foin

NeurIPS 2021

JIMEgeE Feldhs
measurement S

ags S8 Holsty,

Hib X HSHE 2ISHM
RNNZ Convolution
Ao HESIXH

54

ICLR 2822

Convolution 42|
£EE Xgisto|
flel, AS DPLRZ B
8.+ Kernel2
FFT2 #2310
Cauchy #E=2
Aitg R

« )

L'TI S(/Ste.m

Convolution HLE 4T ;i GPU Friendly ot
K| &9t Al7|R i SSM HLES K|EE AI7|R

Tume Dependent
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S4

= S40| M=
a1 Kernel
Moz A

Dy

x = Ax + Bu
y =Cx+ Du

Continuous
State Space

1 0 0

A=|1 2 0 s

1 3 3 X = Axtbu y=Kxu
y =Cx+ Du
Long-Range

Dependencies Fast Discrete Representations

Figure 1: (Left) State Space Models (SSM) parameterized by matrices A, B,C, D map an input signal u(t) to
output y(t) through a latent state z(t). (Center) Recent theory on continuous-time memorization derives special
A matrices that allow SSMs to capture LRDs mathematically and empirically. (Right) SSMs can be computed
either as a recurrence (left) or convolution (right). However, materializing these conceptual views requires utilizing
different representations of its parameters (red, blue, green) which are very expensive to compute. S4 introduces a
novel parameterization that efliciently swaps between these representations, allowing it to handle a wide range of
tasks, be efficient at both training and inference, and excel at long sequences.

Copyright 2025. B & All rights reserved
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S4

= 0| A VE Conjugations T

= AS NPLR X2 HHYE ZEO| BESS}

Lemma 3.1. Conjugation is an equivalence relation on SSMs (A,B,C) ~ (V 'AV,V 1B, CV).

Proof. Write out the two SSMs with state denoted by x and ¥ respectively:

' = Az + Bu 7=V 'AVi+V 'Bu
y=Cx y=CVz

After multiplying the right side SSM by V', the two SSMs become identical with x = V. Therefore these
compute the exact same operator u +— y, but with a change of basis by V in the state x. ]

Copyright 2025. BFel&d All rights reserved
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O 2 SSMO|M CtE &= 2= Matrix AS2 LRW Matrix”(LSSL)

M A=VAV - PQ* BEHIZ HE = US= & = AS. (OIFA H2H0| &
H 751774 HE 2{S(Woodbury Identity & Hadamard Product)
Z FFT = 2 BHatg = S,

)—> K(w,) YKol S EHE LIEFLH K| 30, FFT(Cauchy YAtQ 2 HEFOj A O 4
= Convolution °=|M° SMOZ W2 A HE

oRL =9 BX|TH BN OFHEMOR SH&0| JtsdtD
O| 7ts3st mEO| BHS.

Algorithm 1 S4 CONVOLUTION KERNEL (SKETCH)
Input: S4 parameters A, P,Q, B,C € €V and step size A
Output: SSM convolution kernel K = Kr.(A, B,C) for A = A — PQ* (equation (5))
1: C (I - ZL) C > Truncate SSM generating function (SSMGF) to length L
. k(}u(w) k(u(w) ~ 2 1-w
2 |;km(w) Fi (@) +— [C Q} (Em — ) P] > Black-box Cauchy kernel
3: K(w) $— lJriw [k()(](w) — k:()l( )(1 + k‘“ )) k“}( )] b WOOdbllIy Identity
: K = {K(w) :w=exp(2mi£)} & Evaluate SSMGF at all roots of unity w € g,
5 K «+ iFFT(K) > Inverse Fourier Transform

Convolution® Recurrence  Attention 54

Parameters LH H? H? H?

Training LH(B+ H) BLH? B(L*H + LH*) BH(H+ L)+ BLH
Space BLH BLH B(L?*+ HL) BLH

Parallel Yes Yes Yes

Inference LH? I?H + H?L H?

Copyright 2025. B & All rights reserved
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S4

Deep Learning S4
« A= A—PQ*, A € CV*N(diagonal),
- P,Q eCN1
- BecV, cecV
Con[!'ugate basis V €2 Ct= 718
7|HIO 2 SHA M2 ik
|7<

LIHX| = ME 7|= [SSL ¢
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SSME T H[QI(NLPVision)
01| NXSHE 01°”74I 5t11,

[

\(

Y

S4 54D

NeurIPS 2020 NeurIPS 2021 ICLR 2022 NeurIPS 2022

INELE Holsts Convolution 24t AS diagonal TEZ
e HEE measurement = %E% H= 2ot ot gtsa
Hl%71Hd g0 & ggg S8 "o, flel, AS DPLRE & Vandermonde Matrix
o2 Holgt}H At 2| H5HE |‘HH 2.+ Kernel2 2 gists A 3@
RNNEZ Convolution FFTE #HES}0] w21 ECh
Ao HBISHR} Cauchy HEZ
A B}

ouE T

.

Convolution HEHE £ H GPU Frie,r\o“t/ ot Al
K| &3t A|7| i SSM HLES KX AFIRE

L‘T I System T\me Dependent
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+ Low-Rank (DPLR) 2 Z A matrixS &t A] bt}
= &= Diagonal Matrix2 A Matrix=

z'(t) = Ax(t) + Bu(t)
y(t) = Cat) y(t) = (K *u)(t)

N—-1
K(t)=Y C,K,(t) K,t):=e 4B

7=()

(Bilinear) A = (I — A/2A) (I + A/2A) (ZOH)
B=(I-A/2A)'-AB - : I)-AB.

y=uxK where K = (CB,CAB,..., A°'B). (6)

Copyright 2025. B & All rights reserved
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S4D

= Convolution & Kernel2 S40| M= FFT(Cauchy)E X2t SADOf| A
Vandermond HAAMEZ =3 (Vandermonde 7} DPLR O A= ¢4
0| ZO0tA| Af X|2t, A matrix”?t Diagonal St7| 20 AH2t0| Qi S.

2
A =—qn+l1 n=Ek Al =4 n==k
0 n <k (n+3)"?k+ 3" n<k
B.=(@n+1)% P,=(n+1/2)3 A=A" —pPT, AP :=cig(A™)

(HiPPO-LegS matrix used in S4) (Normal / diagonal plus low-rank form)

(2714—1)%(2:2:—1—1)% n>k (7£+1)1/2(k+%)1/2 n>k
1
2

N—-1
K=Y C.A,B, — K=(B' oC)-V.(A) where Vi (A)ne = A., (7)
n=0

F: EGC{} Ew_lcﬂ,r_l}

Copyright 2025. BFel&d All rights reserved
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S4D

= Diagonal A Matrix 2} Vandermonde &R 2
y(®)

T T T T
0.0 0.5 1.0 15

def sdd_kernel(A, B, C, dt, L):
B vandermonde = exp(arange(L)[:,Nonel*dt™A)
return sum(vandermonde * B*C*(exp(dt*A)-1)/4, -1)

u(t)

S4D Recurrent View S4D Convolution Kernel

Figure 1: S4D is a diagonal SSM which inherits the strengths of S4 while being much simpler. (Left) The diagonal
structure allows it to be viewed as a collection of 1-dimensional SSMs. (Right) As a convolutional model, S4D has a
simple interpretable convolution kernel which can be implemented in two lines of code. Colors denote independent
1-D SSMs; purple denotes trainable parameters.

Table 1: (Parameterization choices for Structured SSMs.) Aside from the core structure of A and the
computation of its convolution kernel, SSMs have several design choices which are consolidated in S4D.

Method Structure Kernel Computation Discretization Constraint #(A) Trainable B  Initialization of A

S4 DPLR Cauchy Bilinear exp Yes HiPPO
DSS diagonal  softmax ZOH id (none) No HiPPO-D
S4D diagonal = Vandermonde either exp / ReLU optional various

Copyright 2025. 2Ei& All rights reserved 27/48
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SSME T oQI(WLPVision)
of AM2HE ofgAl o2,
%EE 0.|:|:17.|| HHI.E).” =1 7-|0|7|-7( 3 _1_-"-1__‘6‘_')

54

NeurIPS 2020

el BeE
AzerlX 2ol
oz HoshxH

NeurIPS 2021

ICLR 2822

NeurIPS 20822

ICML 2024

IIME+=E Helste

measurement =
a2 s9 Zelsta,
A XHIE PIsHAM
RNNE Convolution
oatoZ wsistxt

o=

~ @@ J

Convolution $4te]

228 EH67|

?l8H, AE DPLRE ®
2.+ Kernel2
FFTZ BEsio]
Cauchy #E2

ALtE TSR

«

AE diagonal TZE
gt gt
Vandermonde Matrix
2 gisks A gy
#=2 FCH

~—

Gating Mechanism2
A3t 812,
Channel Mixing®
Z| 5z} sta

Convolution HAIE 43HH
K| ™3 A|7|Rt

GPU Frieno“c/ SHA|
SSM HALS K™ A|7|Rt

L’l" I System an\e Dependent
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Mot S of A2 o &&E =43}
| Long-Range Dependency X 2|

n LTI System 2l 9l Selective SSM= X|2t5 PO1 LTI Al
, LTI A|)\E-”O|7|O“ P HHEO H =|k|o
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Figure 1: (Overview.) Structured SSMs independently map each channel (e.g. D = 5) of an input x to output y through a higher
dimensional latent state h (e.g. N = 4). Prior SSMs avoid materializing this large effective state (DN, times batch size B and sequence
length L) through clever alternate computation paths requiring time-invariance: the (A, A, B, C) parameters are constant across time. Qur
selection mechanism adds back input-dependent dynamics, which also requires a careful hardware-aware algorithm to only materialize
the expanded states in more efficient levels of the GPU memory hierarchy.
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Figure 1: (Overview.) Structured SSMs independently map each channel (e.g. D = 5) of an input x to output y through a higher
dimensional latent state h (e.g. N = 4). Prior SSMs avoid materializing this large effective state (DN, times batch size B and sequence
length L) through clever alternate computation paths requiring time-invariance: the (A, A, B, C) parameters are constant across time. Our
selection mechanism adds back input-dependent dynamics, which also requires a careful hardware-aware algorithm to only materialize
the expanded states in more efficient levels of the GPU memory hierarchy.

W (1) = Ah(t) + Bx(t)  (1a) h; = Ah,_, + Bx, (2a) K = (CB,CAB,..., CA'B,...
y(t) = Ch(t) (1b) y: = Chy (2b) y=x+K

A=exp(AA) B =(AA) (exp(AA) —I)-AB
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Copying Selective Copying
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et EEEBOOH--00BTER ~~ [JEHJJEE--EAEEN

Solution ‘ Induction Heads
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Perfectly sohved by LTI {e.g. comvoluticnol) medels thot do not need to look ot the actual inputs . . . . . . ! - l:‘ I:‘ . .

Figure 2: (Left) The standard version of the Copying task involves constant spacing between input and output elements and is easily
solved by time-invariant models such as linear recurrences and global convolutions. (Right Top) The Selective Copying task has random
spacing in between inputs and requires time-varying models that can selectively remember or ignore inputs depending on their content.
(Right Bottom) The Induction Heads task is an example of associative recall that requires retrieving an answer based on context, a key
ability for LLMs.

Algorithm 1 SSM (54) Algorithm 2 SSM + Selection (S6)

Input: x:(B,L.D) Input: x:(B,L,D)
Output: y: (B,L,D) Output: y: (B,L,D)
1: A:(D,N) « Parameter : A:(D,N) « Parameter
> Represents structured N X N matrix » Represents structured N x N matrix
: B :(D,N) « Parameter : B:(B,L,N) « sp(x)
: C:(D,N) « Parameter : C:(B,L,N) « s¢(x)
: Az (D) « tp(Parameter) : A: (B,L,D) « ta(Parameter+sp(x))
. AB: (D,N) « discretize(A, A, B) . A,B:(B,L,DN) « discretize(A, A, B)
.y «— SSM(A, B,C)(x) . y « SSM(A, B,C)(x)
» Time-invariant: recurrence or convolution » Time-varying: recurrence (scan) only
: return y : refurn y
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Linear
projection

I:l Sequence
transformation

MNonlinearity
(activation or
rultiplication)

® Gated MLP — Mamba

Figure 3: (Architecture.) Our simplified block design combines the H3 block, which is the basis of most SSM architectures, with
the ubiquitous MLP block of modern neural networks. Instead of interleaving these two blocks, we simply repeat the Mamba block
homogenously. Compared to the H3 block, Mamba replaces the first multiplicative gate with an activation function. Compared to
the MLP block, Mamba adds an SSM to the main branch. For o we use the SiLU / Swish activation (Hendrycks and Gimpel 2016;
Ramachandran, Zoph, and Quoc V Le 2017).
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= Mamba is Semiseparable Matrix

* MambaS Z& x A[A20] LA F2|E StA &, Nth Semiseparable Matrix2t S X[l
matrix2 F&ot g = U2
« 0|33t X3}l Structed Matrix HEN 2 EICt= ME F2

ht =A;... A Boxp + A . AsBix - - F ALA 1B _axi_o + ABi_1xi-1 + Bixy

y = SSM(A, B,C)(x) = Mx
Mj,‘ — C;I—Aj .- 'A,'...IB,'

SSS(a, b, c) = diag(c) - M - diag(b) where M;; = aj;.
Yy = QX + - -+ Qpp X

M = 1SS(ag.1) = ) = a; (@_10x0 + -~ + @10 1%1-1) + Ay Xy
= QY1 + X;.

_El'_;‘_l ey Arq...d2 .. ATy 1_
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= Attention is also Structed Matrix

- Softmax Attention(softmax(QKT)V)2t Linear Attention(p(Q)(K)V) St 22
1F 20| X3} =l Structed Matrix2 2 = Y10 O'Hpﬁ.o._' Masked Attentio
Softmax Attention= Linear Attention 2} OHZf_T'_ 0}':'4 RNN Y EZE H=I0| 7

HE M H20| 7= (p(@e(K)y: = Yio1 + 9(Q)@(K))

Q =input (T,N)
K =input (S,N)
V =input (S,P)
G=0K" (T,9)
M=f(G) (T.5)
Y=GV (T,P)

= (Lo (QK™))-V.

G=Q0K" (T,9)
M=GoL (T,S)
Y=MV (T,P)

exp(QKT) = @(Q)p(K)™.
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T AAO.

Method Online Learning Objective L:(S) Online Update

LA ISt — Se—1||% — 2(Stke, ve) St =S¢_1 +vik,
Mamba?2 ISt — a:Se_1]|% — 2(Stks, ve) St = a;S;_1 + viky

Structured
Structured State Space Model  Structured Masked Attention s R ] State Space

Duality (SSD)

c (contraction matrix) (queries) s4 Diagonal State Space Model
B (expansion matrix) (keys)

(input sequence) (values) =

X

Aji (state matrix) if (mask) 4D
N (state expansion dim.) (kernel feature dim.) =
H

(hidden states (b)) =

=L-XB (linear mode)

SMA linear dual (15)

Efficient Autoregressive Attention
G (Gram matrix (13a)) Semiseparable SMA

= QKT (quadratic mode)

SSM quadratic dual (16)
Structured Masked Attention (SMA)

Figure 4: (Structured State Space Duality.) State space duality describes the close relationship between state space
models and masked attention. (Leff) General SSMs and SMA both possess linear and quadratic forms, with direct analogs
in notation. (Right) SSMs and SMA intersect at a large class of state space dual models (SSD) which capture many sequence
models as special cases.
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= Structured State Space Duality
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Sequence Transformation

Structured Mask [ Matrix M
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Retentive Network
Que"es 1-5§ Structured Attention
P "o Toeplitz Structured Attention

Fourier Structured Attention

Figure 3: (Structured Masked Attention.) SMA constructs a masked attention matrix M = QK o L for any structured
matrix L, which defines a matrix sequence transformation ¥ = MV. All instances of SMA have a dual subquadratic form
induced by a different contraction ordering, combined with the efficient structured matrix multiplication by L. Previous
examples include Linear Attention (Katharopoulos et al. 2020) and RetNet (Y. Sun et al. 2023). Beyond SSD (1-semiseparable
SMA), the focus of this paper, many other potential instantiations of structured attention are possible.
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= Semiseparable Matrix Multiplication
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Semiseparable Matrix M
Block Decomposition

Diagonal Block: Input — Qutput
Low-Rank Block: Input — State
Low-Rank Block: State — State
Low-Rank Block: State — Output

Figure 5: (SSD Algorithm.) By using the matrix transformation viewpoint of state space models to write them as
semiseparable matrices (Section 3), we develop a more hardware-efficient computation of the SSD model through a block-
decomposition matrix multiplication algorithm. The matrix multiplication also has an interpretation as a state space
model, where blocks represent chunking the input and output sequence. Diagonal blocks represent intra-chunk compu-
tations and the off-diagonal blocks represent inter-chunk computations, factored through the SSM’s hidden state.
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= SSD Model

Listing 1 Full PyTorch example of the state space dual (S50) model.

def segsum(x):
"""Naive segment sum calculation. exp(segsum(A)) produces a 1-55 matrix,
which is equivalent to a scalar S5M_"""
T - x.size(-1)
¥_cumsum = torch.cumsum{x, dim=-13)
¥_segsum = x_cumsum[.__, :, None] - ¥_cumsum[..., None, :]
mask - torch.tril({torch.ones(T, T, device-x.device, dtype-bool), diagonal-@)
x_segsum - x_segsum.masked_fill(-mask, -torch.inf)
return X_segsum

ssd(¥, A, B, C, block_len-&4, initial_states—None):
Arguments:

X: (batch, length, n_heads, d_head}

A: (batch, length, n_heads)

B: (batch, length, n_heads, d_state)

C: (batch, length, n_heads, d_state)
Return:

¥: (batch, length, n_heads, d_head)
assert ¥X.dtype == A_dtype — B.dtype == C.dtype
assert X.shape[1] % block_len = &

# Rearrange into blocks/chunks
X, A, B, € = [rearrange{x, "b {c 1) ... > bc 1 ...", 1-block_len) for x in (X, &, B, ©)]

A - rearrange(A, "bc 1 h ->bhc 1)
A_cumsum = torch.cumsum(A, dim=-1)

# 1. Compute the output for each intra-chunk (diagonal blocks})
L = torch.exp(segsum{A}}
¥_diag = torch_einsum("bclhn, beoshn,bhels beshp->belhp®, C, B, L, X)

# 2. Compute the state for each intra-chunk

# (right term of low-rank factorization of off-diagonal blocks; B terms)
decay_states = torch.exp{{A_cumsum[:, :, :, -1:] - A_cumsum)}

states = terch.einsum{"bclhn, bhcl,bclhp-=bchpn”, B, decay_states, X}

# 3. Compute the inter-chunk 55H recurrence; produces correct 55M states at chunk boundaries
# (middle term of factorization of off-diag blocks; A terms)
if initial_states is None:
imitial_states - torch.zeros_like(states[:, :11}
states = terch.cat{[initial_states, states], dim=1)
decay_chunk = torch.exp{segsum{F pad(A_cumsum[:,6 :, =, -11, (1, @)1}
new_states = torch._einsum({"bhzc bchpn->bzhpn”, decay_chunk, states)
states, final_state - new_states[:, :-1], new_states[:, -1]

# 4. Compute state -> output conversion per chunk

# (left term of low-rank factorization of off-diagonal blocks; C terms})
state_decay_out = torch.exp{A_cumsum)

¥_off = torch.einsum({'bclhn,bchpn,bhcl-=bclhp', €, states, state_decay_out)

# Add output of imtra-chunk and inter-chunk terms (diagonal and of f-diagonal blocks)
¥ = rearrange(¥_diag+¥ off, "bc 1 hp-=b (c 1} h p")
return ¥, final_state
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= Mamba-2 Architecture

- 7|1E2| sS4 Z2 F% Multi-Input SSMAEEH(X 2] 7§2| SSM 3
Grouped-Value Attention (GVA) HE(Qt FAtSHH HEl

I:l Linear projection
I:I Sequence transformation

O Nonlinearity (activation,
normalization, multiplication)

Sequential Mamba Block Parallel Mamba Block

Figure 6: (Mamba-2 Architecture.) The Mamba-2 block simplifies the Mamba block by removing sequential linear
projections; the SSM parameters A, B, C are produced at the beginning of the block instead of as a function of the SSM input
X. An additional normalization layer is added as in NormFormer (Shleifer, Weston, and Ott 2021), improving stability.
The B and C projections only have a single head shared across the X heads, analogous to multi-value attention (MVA).
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= Tensor Parallel
 Linear GAHS SHHO| 2 OFAl A
= &)

(0)
and W) = Iil(o) with WI.(O) € Re4/2Xd For j = 1, 2, the TP Mamba-2 layer can be written as:
2

L = uW}(")T c plxed/2
O uWI.(Z)T c RLxed/

AD BD o = projection(u) (one or more groups of A, B, C per GPU)

xgi) = convld(x(i:') € RLxed/2

y(i) — SSMA,B,C,&(XE}) c pLxed/2

v =y $)
y,(li) = groupnorm(yg(,j}) (number of groups divisible by degree of tensor parallel)

out® = ygi}w_(o)T c RLxd/2

out = Z out”. (summing outputs from all GPUs with an all-reduce)

i
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Figure 9: (Scaling Laws.) Models of size = 125M to = 1.3B parameters, trained on the Pile. Mamba-2 matches or exceeds

the performance of Mamba as well as a strong “Transformer++” recipe. Compared to our Transformer baseline, Mamba-2
is Pareto dominant on performance (perplexity), theoretical FLOPs, and actual wall-clock time.
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Figure 10: (Efficiency Benchmarks.) (Left) Our SSD is 2 — 8x faster than a Mamba fused scan for large state expansion
(N = 64) and faster than FlashAttention-2 for sequence length 2k and above. (Right) Sequence length 4K: Increasing state
expansion slows down the Mamba optimized scan implementation linearly. SSD can handle much larger state expansion
factors without much slowdown.
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Table 1: (Zero-shot Evaluations.) Best results for each size in bold, second best unlined. We compare against open source LMs with
various tokenizers, trained for up to 300B tokens. Pile refers to the validation split, comparing only against models trained on the same
dataset and tokenizer (GPT-NeoX-20B). For each model size, Mamba-2 outperforms Mamba, and generally matches Pythia at twice the
model size. Full results in Table 10.

MobpEL Toxken. P LAMBADA HEeLLASWAG - - WiNOGRANDE  OPENBOOKQA
FFL| PPL| acc T acc T acc T

Pythia-1B NeoX 7.82 7.92 . 47.2 E . . 53.5 314
Mamba-790M NeoX 7.33 6.02 3 553.1 . . . 56.1 34.2
Mamba-2-780M  NcoX 7.26 5.86 . 54.9 . . . 60.2 36.2

Hybrid H3-1.3B GPT2 11.25 . 2.6 . . . 56.9 34
Pythia-1.4B NeoX 7.51 6.08 . 5221 . . . 57.2 308
RWKV4-1.5B NeoX .70 7.04 . 5325 . . . 54.6 34.0
Mamba-1.4B NeoX  6.80 504 65.0 59.1 . . 32.8 61.5 36.4

Mamba-2-1.3B NeoX 6.66 5.02 3 59.9 . . . 60.9 37.8

Hybrid 3-2.7B GPT2 7.92 . 59.7 . . . 61.4 33.6
Pythia-2.8B NeoX . 5.04 . 59.3 Y 3 A 59.7 35.2
RWKV1-3B NeoX . 5.24 . 59.6 . . . 59.6 37.0
Mamba-2.8B NeoX  6.22  4.23 69.2 66.1 75.2 . 36.3 63.5 39.6
Mamba-2-2.7B  NeoX . 1.10 . 66.6 . 69.6 ) 61.0 38.8
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