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" Preliminary

*  Whatis the first passing time prediction problem?
— Problem of predicting the time at which the value of a function first reaches a specific threshold

* Application domains of first passing time prediction
— Finantial engineering
» Stock prices reach a critical level
— System engineering
* Network load exceeds a threshold
— Mechanical and manufacturing engineering
« RUL
— Biotechnology

* Particle reach to the specific target
— Targetis reached, it may trigger either a beneficial or a harmful process.
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" Preliminary

* Typical procedure for solving a first hitting time problem
1. Establish a degradation model

2. Transform the stochastic process for the degradation model X; into the probability density function
(pdf) of the htting time 7,

3. Derive the likelihood function

*  Under the assumption of independence between increments, the likelihood function of the degradation model (i.e.,
the stochastic process) can be expressed as the product of the likelihood at individual time points

4. Perform statistical inference
* If possible, use maximu likelihood estimation (MLE)
* Ifnot feasible, alternative include the following (not covered in this presentation)
— Monte carlo simulation
—  Expectation maximization (EM) algorithm
—  Numerical analysis
— Optimization methods
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" Preliminary

* Explain the full procedure for degradation modeling and RUL distribution estimation
basedon a Wiener process with a linear drift term, in the following order:

1.

Brownian motion
Wiener process (degradatiom model X;)

Reformulate the degradation model pdf X; as a first hitting time problem for reaching the
threshold h, that is, finding cj,

* Here, the parameters of t; are same as those of X,

Statistical inference

* Derive the likelihood function of X;, perform statistical inference using MLE, and then use the resulting
parameter estimates in the pdf of t; to estimate the RUL distribution
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Preliminary-definition

DEFINITION |.6.— B = (B}):>0 is a Brownian motion if, and only if,
1) Bo =0a.s.;

. , . : d
2) B has Ismnmmr}r increments] for any t,s,h > 0, B; — By, = B4 —
BS‘I‘h !.

3) B has|independent increments: |for any n = 1 and for any t; < --- <
tn, the random variables By, By, — By, ..., By — B, _, are independent;

4) for any t > 0,|B; ~ N(0,t)

1

For an extensive description of Brownian motion and its properties. the
reader could refer to [MOR 10], for instance.
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" Preliminary-definition

DEFINITION 1.11.— The stochastic process W = (Wy)i>0 is called alWiener
process|if

Yt >0, |Wi = ut+ obBy, [1.2]

where p € R, 0 > 0 and (By)i>o is a Brownian motion: i is a drift parameter
(that we expect to be positive in our case) and o is a variance parameter (or

/ + /\/\/\/\/\/ W,~N(ut, c?t)
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" Preliminary-definition

Increment

W, = ut + oB;

E(W, —W,)=pu(t—s) and Var(W, —W,) = o?(t — s).

Vi > t[}a

-

W, — Wy ~ N(u(t — s),0%(t — )

Xt

= 0 + Wiy,

Degradation model

= xg + p(t — to) + o Bi—y,

Bt—to ~ N(O, O'Z(t — to))

X ~ N(H(t —ty),0%(t — to))



2 Preliminary-definition of first hitting time 7,

First hitting time Trp = inf {t > tp;

vt > to,

X¢ > h}.

Xy =x0+ Wiy, =

xo 4+ p(t —to) + o By,




Preliminary-derivation of the basic ingredients required for the proof

Transformation of a drift-free stochastic-process-based degradation model into a first hitting time problem

Let x > h. The event X, = x implies thatt, < t (see figure).

t
PX;>x,1,<t)=PX; > x|ty <t)P(tp, < t) = ] P(X; > x|ty = s)P(ty, = s)ds

A 4

to
|
v
t ot
P(X; >z)qP(X; >xm, < 1) = / P(X; > z|m, = s)dF,, (s). ) /«f'
tp '
t
P(X, > z) — / P(X, > X, = h)dF;, (s) " ,f,u/ """""""""""
tc; n 4 = inf {t > to; X; > h} v
_ / P(X, — X, >z — h)dF,, (s) "
to /
t
- P(X,_. — h)dF;,
R L LENE) A
0 Partial derivative of x / Xs=nh
X0
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- Preliminary-linking the distribution of the degradation model to the first hitting time distribution

Easy example (wiener process with no drift)

PROOF.— For these parameters, we have|X; = o B;|and, since ﬁ*- is standard Be~N(0,1t)
Gaussian distributed, o — E[B,] =0
| v (Standardzzatlon)\>—> Var|B:] =t
P(X, > z) = B(0B, > ) P(Bf - ) 1 @( - ) Gj'ﬂeth) 7777777777777777777777777777777777777777777777777777777777777
t xZ) = a t i — = —_ _— 5 B
NN ot - 2N ©-
where ® is the cumulative distribution function of the standard Gaussian
distribution. Furthermore, fo we have
1 to S=Th 1
P(Xi—s >z —h)=Fx, (0)= 3
because X;_ is Gaussian distributed with zero expectation. Now, we get, from PPT Page 11 proof
equation [1.7], t
P(Xy > z) = / P(X; > p|Xs = h)dF;, (s)
to
P(X; > h) = / I P(rh =s)ds = P(t; <t) =5 F, (1) t
= f P(X; — X, >z — h)dF,, (s)
and the c.d.f. of the first passage time is ti A
First hitting time CDF b _ f P(X,_, >z — h)|dF,, (s).
F_()=RP(X;>h)|=2[1-Dd[——) ). to
LO-pP > R)-2 (1-% ()
Degradation CDF 12




" Preliminary

i)

F, 0| 2rx, > n|=p (1 B (
\IPartial derivative of t
dF,, h [ h h
Yt > O;fﬂl(t) = dt(t) = g\/t_3@ (O’\/E) =

h2
V2mo2t3 P (_m) '

This proofis restricted to the case X, = dB,~N(0, c?t).

PROPOSITION 1.12— Forpg =0, 75 = 0 and £ = 0,

vt > 0, FTh[tj=2(1—-r-(

h

)

is the unique solution of equation [1.7]. The p.d.f. is then given by:

Wt = 0,

[ (t) =

h

v ?;—r[j t3

exp (

hi‘

Gk

) Parameter of Degradation model X, 13



Preliminary

What about a stochastic process with drift? (proof omitted)
Let Xt =Xxp+ ,Ll(t - to) + O-Bt—to ~ N(XO + ,Ll(t - tO); O-Z(t - to))

With linear drift u

PROPOSITION 1.12— Forp = 0,2 = O and t = 0, With startpoint X0
VE>0, Fp(f)=2 (1 _ & (%)) VVith start time tO
Ty
i the unique solution of equation [1.7]. The p.d.f. is then given by: THEOREM 1.14~ Remembering that the distribution of X; is given by
h AT\ ati
P T L R equation [1.5], then
vt20) fo® erxp( o) que [1.5].

st (1) = hlexp(_(h_“_“(t_t”))z). [1.11]
e V2mod(t — to)? 202t —to)

linking the distribution of the degradation model to the first hitting time distribution

~_=

Next: definition of likelihood function (degradation model)
Satistical inference
-> estimators of g, to, U, 0> ??
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Preliminary-establishing the likelihood function

For any t > tp, the p.d.f. of X; is then

Suppose that there are i=1,...,.n individual run-to-failure degradation trajectories.

x—a:o—,u(t—tg))

VzeR, fx,(z)=¢ ( ot —to)

Assume that degradation model is

Xe = xo + pu(t — to) + 0B, ~N(xo + u(t — to), 0% (t — to))
where ¢ is the p.d.f. of the standard Gaussian distribution.

to: initial time point (discrete time index=0)

t; 1: time point (discrete time index=1) X1 ~ N(zo+ ptis — to), o2(ti1 —to)), Vie{l.... n}

Sij = tij —lij-1
X; 1: degradation model for the increment from the t; , Yij ~ Nlusij o?siz), ¥ie{l....mi}.vie{l,....n}

Y; j: increment over s; ;

(0. to. 1. 0" Dos )] ﬁ 1 i1 —x0 — p(ti1 — to) X, Run-to-failure trajectories
— obs)| I VO z(tzl—tg} Jg(tz,l —to) 4 i=1 i=2
n my y: p ,JJ:S: i
X H H © , [1.14]

i=1j= zVJs‘J ( Vgsj)
THEOREM [.14— Remembering that th¢ distribution of X, is given by >
equation [1.5], then Time

_ h —xg (h— o — p(t — 10))*

vt 2 to, | fr (1) = V2m02(t — to)? p(_ 202(L — o) )‘ [111] http://baelab.pusan.ac.kr 15




" Preliminary

Markovian property

e Statistical inference

THEOREM 1.14.—- Remembering that
equation [1.5], then

T T =Increments
Ty = X X = | PO XD 2] [ POGCIXD) —
t=1 t=1

Xi1 ~ N(zo+ p(tin —to). o (tin
}/1‘:,_‘}- ~ N(IU'SLJ’O'QSLJ}?

—t)), Vie{l,...,n}
Vie{l,....m;},Vie{l,...,n}

o, to, i1, 02| D

xi1 —xo — p(tin — fo))

02@@,1 — i{])

obs )l H m (

no o

T

Yi,g —

ﬂsu)
V O7Si

[1.14]

e distribution of X, is given by

(h =m0 — pu(t

h —xo
vt 2 to. | fn, () \/271'0'2 t—tp)? o (_

= o))’ [1.11]
202(1 — to) : http://baelab.pusan.ac.kr
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- Preliminary-other stochastic process-based degradation modeling papers

* Efforts to nonlinear drift
—  Time scaling t: Linear time A(t; @) = t*: Non linear time

N

Xy =ut+oBy I ) Xt = pA(t; a) + 0B A(t;a)

— Nonlinear modeling of the drift function itself
* Limitation: obtaining a closed-form solution is difficult or, in some cases, impossible

»  This problem is same as solving the Fokker-Planck-Kolmogorov (FPK) equation with boundary conditions...??

w: linear drift [ u(t)dt: non linear drift

Xe=pt+ 0B, 1 > X = fu(t)dt + 0B,

*  Otherresearch
— Two-stage drift function (drift)
—  Paper: Remaining useful life prediction for two-phase degradation model based on reparameterized inverse gaussian process

— Fractional Brownian motion based diffusion (diffusion)

—  Paper: Predicting remaining useful life based on a generalized degradation with fractional Brownian motion

(e HAFCHEH T o
‘1 J;AN'N—AE[QE!\ILUEWJS#V = Eﬁtﬁm&%ﬂﬁ http://baelab.pusan.ac.kr 17




" Preliminary-Summary

* Framework of Stochastic process-based RUL prediction

— [ Define degradation model

* Using stochastic differential equation

| (or start dX; = pdt + 0By ~N(udt, o%dt)) |

— | Construction of the likelihood function

— | Statistical inference

— | Wald (inverse gaussian) distribution

=% BAE Lab

Bigdata Analytics & Engineering

Let Xy = xo + u(t — to) + 0Be_¢,~N(xo + u(t — to), 62(t — tp))
Cw

L(ID tDaJUH ‘Dobs)| H

zig —xo— plti — to))

o?(ti1 —to)

VA z(tz 1 —to) (
- i y% j u‘u's‘.! j
X g 3
T e (7)
3
Statistical inference
fo, fo, U, o

~ 3

[1.14]

xg — pu(t — to))z)

2(t —to)

Predict RUL

http://baelab.pusan.ac.kr 18




" Paper review

* Paperreview (recent stochastic process-based degradation modeling paper)

— A Wiener Process Model With Dynamic Covariate for Degradation Modeling and Remaining
Useful Life Prediction

— Research question
* What if the drift of degradation is dependent on other factors?

E)euagety 9 BAE Lab
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" Paper

* Framework of Stochastic process-based RUL prediction
— [ Define degradation model

* Using stochastic differential equation

— | Construction of the likelihood function

— | Statistical inference

— | Wald (inverse gaussian) distribution

29 BAE Lab
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Paper

« Define degradation model == | X(t)=X(0)+vA(t;a)+oB(A(t:a))

— Using stochastic differential equation Ornstein-uhlenbeck (OU) process
(stochastic differential equation)
A key characteristic of the Ornstein-uhlenbeck (OU) dH(t) =n(pw — H(t))dt + ogdW (i),
process lies in its drift function -
Uy long-term average H(t)=(1—e ™)y +H (0) r.="”—41*5‘”‘1-1-'{552'” —1)
a
[y > H@® = (uy —HO) >0 _ E(H{) =HO0)e™+(1—e™) g
This means that the long-term average is greater than
2
the current observed value. N Var (H(t)) = ﬂ (1—e2m).
As a result, dH(t) tends to be positive. 2n

In other words, when the current value is below the long-term average,
a positive increment derives the process back toward that long-term average.

The parameter 1 determines how strongly the process reverts toward the long-term average.

For this reason, the OU process is also referred to as a mean-reverting process.

=% BAE Lab
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" Paper

* Define degradation model X(t)=X(0)+vA(t;a) +oB(A(t;a)

u(t) = #E.ﬂ—”(f:‘

Ornstein-uhlenbeck (OU) process

Q ) A
o(t)] =[]

\ 4

X(t) = j; v () HA (:0) +[oB (A ().

dH(t) = n(ug — H(t)) dt + opdW (t),
H(t)=(1-e™puu+H {Dje'"*+%e'm1ﬂe2”* —1)
EH{t) =H(0) e ™ +(1—e ™) uy

Var(H(t)) = 22 (1 — 727 .

Wiener process parameter

OU process parameter |

Time scaling parameter

The model parameters are & = |

FLH + T J}?-I :n||F:u . Jza ¥ l'

=% BAE Lab
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" Summary

e Statistical inference

A. Parameter Estimation in the Covariate Process

Considering the Markov property of the OU process, the joint
distribution of the covariate H can be factorized as

f) =[] F(H:|Hi o) (11)
i=1
where H; follows a normal distribution conditional on H;_;
(H.,;lH‘j_]_) o~ N ((1 — e_"m")py
o2
+H; e (1 - e—m‘*)) : (12)
2n

Theretore, the log-likelihood function can be obtained as

¢ (‘-’?:#H:UEHH) — Z In f(H;|H;_1)
i=1

o2 _ . 7
In (2—1:; (1 —e 2'1*5‘!)) — G_QZ

H

l\JI'—‘

= - —1n(27r

i=1
; (H: — (pm + (Hior — pmr) e—qm‘-))Z
5% 1 — e—21AL .

(13)

Taking partial derivative of the log-likelihood function with
respect to gy, the MLE of [y is obtained as

-1
— - H.‘ - Hl'_]_l’i_’r"j't' s 1-— ,:-:_'J-'l!.
iy = Z 1+ f:.—rgﬂ.f_, Z 1 +|:'-'_'.|"3‘!| . ':_Iq-}
i=1

=1

Similarly, the MLE of r;_-;; can be obtained as

— s (Hi— (i + (Hy — jig) e 728))°
72 2 (= (i (e ) )
HE

]_ _ F,—'lr.lﬂn’_.

Substitute i = jig(n) and :;_% = r;};,(u]l into the log-
likelihood function £{n, puy, o3, |H), we can obtain the profiled
likelihood as

tp(n[H) = {(n. fizi (7)o (n) [H). (16)

Then, the estimate 7 can be obtained by maximizing the

profiled likelihood with respect to 7, and the estimates iy and

ﬂr'f._, can be obtained by substituting 5 back to (14) and (15},
respectively.

1ttp://baelab.pusan.ac.kr
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" Summary

e Construction of the likelihood function

B. Parameter Estimation in the Degradation Process

L-EtAXl = X1 and AX,: = X.,' - X‘j_] fori = 2,3, s
From the state equations in (10), we can readily obtain the
following log-likelihood function with respect to {u, o2, 3}

_ % Z In (27&72;\.,;)
i=1

£ (p, 0% 51X, H)

- Z 202X, - an

i=1

Taking partial derivatives with respect to {y, 3, 0}, the esti-
mators for the model parameters are obtained as follows:

S AN,

In the case that

is unknown,

the estimators {/i,0%, 3} are functions of a.

Therefore, the

estimate for a can be obtained by substituting { i, o2, 3} into
the log-likelihood function #(u, 0%, 3|X, H) and maximizing

the resulting profiled log-likelihood)]

(AX; — pePPr2;)” The model parameters are © = {#H*. 1, J?—f:#: B, JEJI&

~ -

—_—
"

Use wald (inverse gaussin) distribution -> predict RUL

" it e23Hi1), s
5 1 <L AX;
Yo ==y = (19)
e .
i=1 K i=1 A’i
N 2
—_ 1 (Axi —ﬁﬂ’jH"'llf)
o? = — — (20)
i=1 !
=P
=) JS_AN'N—M[QE!\ILUEWJS#V 29 m&m&%ﬂmﬁ http://baelab.pusan.ac.kr
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" Summary

* Summary Assumtion: gaussian diffusion
— Advantages Bi—t,~N(0,02(t — to))
* Closed-form expressions X;=xg _I_Ig(t _ f(}) 1 UBt—th
* Interpretability

Assumtion: known drift family
1. How can it be identified?

— Disadvantages 2. Is it truly the optimal drift function?

* Assumptions
— Independent increments
— Stationary increments
» Assumption of linear drift or brownian diffusion term
* Can only be modeled using known functional forms

* Real industry

— The increments may be correlated
+ Difficulty: constructing the likelihood function may become difficult

— The increments may be non-stationary

saroieryn % BAE Lab
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" Related works (hybrid degradation modeling)

A long short-term memory neural network based Wiener process model for remaining

useful life prediction (2022)
— Reliability engineering and system safety

esecscscccnfecccncans
-

" Euclidean distance based —s\
g lrand‘erlamlng 8 . | | LSTM-TL-WP model
| Trnstbie M DE e e i e
i _sa“mple ' _extracted wne el | Usedas degradation
! 1 end f i
\‘kr‘ e P o | 7 1 {{ unction i)
Maximum likelihood estimation is used to obtain o4

Fig. 1. Flowchart of LSTM-TL-WP model for RUL prediction.
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" Related works (hybrid degradation modeling)

* Remaining useful life prediction using a hybrid transfer learning-based adaptive wiener

process model (2025)

— Reliability engineering and system safety

— — — — Offline model construction — — — —

r

Available data of target sample
X =[x1, X2, wuns Xg]

Update degradation trend E
function A(7) by transfer learmng'

1 I
I 1
1 ]
i i
: Extract feature of degradation quantity 4-'- : Construct state space model of v{¢)
i i
1 ]

Hybrid adaptive Wiener process L
with updated model 1

i
1
1
1
] i
lEuclidean distance : lKaIman filtering 1
\ 1
—+— Transfer learning sample ||+ Updated distrit p ofwr) |
; lFine-tune H I =
e e ey
! Transferred LSTM model i RUL prediction !
1 1
! r : !
1 !
1 i
1 1

i

i

I Probability density function :
of RUL prediction :

ﬂ
H
ﬂ
ﬂ
ﬂ
L=
I
ﬂ
H
ﬂ
Il
II
ﬂ
[
H
(.
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" Related works (hybrid degradation modeling)

* Remaining useful life prediction of rotating machine via long short-term memory neural
network with uncertainty quantification (2026)
— Engineering applications of artificial intelligence

|_ Data processing | | Parameter estlmatlon —|th uncertainty quannﬂcatlw;l
Rayw signal Degradation dataset  Hidden layer 3

= . |
“Each corve repevinaty 3 degradation dataset
e || X()= X(0)+af(t)+afB(t) |
i = 5 || I |
2l ,/9”’# W | — | First hitting time |
ABa il ‘ A NA T !
. "\\z‘(ﬁv m P | | ::;:: ::jm :3':11 :,frm :nly connested :;gmnlon | Tﬂ{f ’Vt )>MWO)<M} |
Time(k) ver ayer ver yer
’ | | Bayesian optimization | RUL’s PDF |
¢ | MLE I
*_'g'“ : | )( -«.:F,‘,)[a I
Eg“ . || ZF{,,Q) »{ (o g"} r] ll |
) . 0.2 I A = (a,’Q,,) 7 e |
" ISI;H mzm om O %0 gy B m || RE f'{a’Q.,) (X -—wF} "{ QR)
ey | CESED e |

Fig. 2. Flowchart of LSTM-WP-Bo model for RUL prediction.




" Summary

PUSAN NATIONAL UNIVERSITY

Stochastic process

Research trend

Deep learning

saroieryn % BAE Lab

Bigdata Analytics & Engineering

http://baelab.pusan.ac.kr

Hybrid

29



Preliminary
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" Summary

Recursive forecasting (using deep learning)

Gated dual attention unit neural networks for remaining useful life prediction of rolling bearings
Dual-thread gated recurrent unit for gear remaining useful life prediction
Cocktail LSTM and its application into machine remaining useful life prediction

Gated transient fluctuation dual attention unit network for long-term remaining useful life
prediction of rotating machinery using [IoT

Trend-fluctuation correlated attention unit for remaining useful life prediction

29 BAE Lab
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" Related works (DL-based degradation modeling)

* Gated Transient Fluctuation Dual Attention Unit Network for Long-Term Remaining
Useful Life Prediction of Rotating Machinery Using I1oT (2024)

— IEEE Internet of Things Journal

' N
Sample vibration signals of the test machine Q",‘— D, T M A A - @
t
N N

I
! '
1 1-
| « | l'p:‘m ' i

Feature extraction | O—ED ) e J S 1
! A t ’ t t
: § “l N max c a
| ITF; e ? J .

- AT ! |
Trained VAE 0 | & 5 x l

b ’

/D Differential \ . .
Constructed HI | € (.:':m,«;,, 5) T fmcion | If degradation start time: t, then
< | M Multiplication ¢ Sigmoid function | A~ _
® \ @ rstin Ver1 = FWe-r, ) Vt)

C-LSTM neural network

Verz = fWe—r41r 0 Ve41)

, — Vers = fOe-r42 0 Vew1, Vea2)
Perform anti-normalization - . .

and compare with the if the output exceeds the threshold
actual HI

Until reach failure threshold

+ Actual value

Calculate the machine RUL —Train value
+ Predicted value

-5 [|_—Failure threshold )

L 1 L L
0 100 200 300 400 500 600 3 2
Number of sampling point

Verify the validity of the C-
LSTM model

Fig. 3. Proposed machine RUL prediction flowchart.
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