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Recursive Deep Learning Model

▪ Since the advent of ResNet (He et al., 2015), deep learning models can be interpreted as 
continuous-time dynamical systems. As training aligns hidden representations within a 
shared latent space with a basis ℬ, recursion design becomes critical to performance and 
stability(Liu et al., 2026).

ℱ(ℎ)

+

ℎ𝑡
identity

ℎ𝑡
input
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Discrete formulation :

ℎ𝑡+1 = ℎ𝑡 + ℱ𝜃𝑡(ℎ𝑡)

Continuous formulation : 

𝑑ℎ(𝑡)

𝑑𝑡
= 𝐹𝜃(ℎ 𝑡 , 𝑡)

ℎ𝑡+1 = ℎ𝑡 + ℱ(ℎ𝑡; 𝜃𝑡)
output
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How to make good Recursive systems for Transformer

1. Scaling of Transformer

▪ Human cognition is described as two systems: System 1, which enables fast(30~100Hz, fast 
gamma waves), intuitive thinking and System2, which supports slow(4~8Hz, slow theta 
waves), deliberate reasoning (Kahneman, 2011).
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How to make good Recursive systems for Transformer

1. Scaling of Transformer

▪ Inspired by this distinction, Transformer research emphasizes reasoning depth, either by 
increasing Test-Time Compute(TTC), spending more computation per token (Snell et al., 
2025) and large-scale training such as Chinchilla scaling (Hoffmann et al., 2022).

▪ Data scarcity limits further scaling, and recent studies show that TTC effectively increase 
recursive reasoning depth, with explicit mechanisms such as CoT (Wei et al., 2022) 
yielding stronger performance gains beyond a certain scale(Snell et al., 2025).

4
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How to make good Recursive systems for Transformer

2. Scalable Learning

▪ However, the performance gains achieved through TTC and Chinchilla-style scaling come 
with clear trade-offs in computational cost and inference latency.

• Speculative Decoding(Leviathan et al., 2023), first generates candidate outputs with a smaller model 
and then verifies them with a larger model; if verification fails, the large model recomputes the 
corresponding parts. (Google Gemini 3.0)

• Routing-based methods use lightweight classifiers to route easy queries to smaller models and harder 
queries to more powerful ones. (OpenAI GPT5)

• Automated approaches enable models to dynamically scale their own recursion depth during 
inference, as seen in architectures such as Hierarchical Reasoning Model (HRM)(Wang et al., 2025)
and Energy-based Transformer(Gladstone et al., 2026).

6

SLLM Target Model

나는

톤

Proposal Verification

핸들이 고장난

Eight 트럭

나는 핸들이 고장난 톤Eight 트럭

핸들이 고장난 톤Eight 트럭 내
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How to make good Recursive systems for Transformer
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Autoregressive based Transformer

▪ To expand TTC, GRPO(Shao, Zhihong, et al., 2024) is used to induce CoT reasoning, 
leading to improved performance.

8

AR 

Transformers

X. 𝑎𝑝𝑝𝑒𝑛𝑑(ො𝑥𝑡+1)

𝑋

ො𝑥𝑡+1

while ො𝑥𝑡+1 !=  <end of sentence>

෠𝑌
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Diffusion based Transformer

▪ Diffusion Transformer(DiT)(Peebles et al., 2023, Nie et al, Neurips 2025) defines 
generation as a diffusion process based on Brownian-motion-driven SDEs , where the 
model estimates the assumed noise component 𝜀𝜃 and iteratively removes it according to 
a predefined noise schedule at each step to recover clean representations.

9

Diffusion 

Transformers

𝑥𝑡−1 =
1

𝛼𝑡
(𝑥𝑡 −

1 − 𝛼𝑡

1 − 𝛼𝑡
𝜀𝜃)

𝜀𝜃 = 𝐹𝜃(𝑥𝑡, 𝑡, 𝑐)

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛

𝑐 ∋ {𝑡, 𝑡𝑒𝑥𝑡 …𝑒𝑡𝑐} 

𝒩(0, Ι)

While t ≥ 0

෠𝑌
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Diffusion based Transformer

Scalable Diffusion Models with Transformers(ICCV 2023) (Peebles et al., 2023)

▪ Forward process: 𝑥𝑡 = 𝛼𝑡𝑥𝑜 + 1 − 𝛼𝑡𝜖𝑡, where 𝜖𝑡~𝒩(0, 𝐈)

▪ Loss (training): ℒ 𝜃 = −𝑝 𝑥0 𝑥1 + σ𝑡𝐷𝐾𝐿 𝑞∗ 𝑥𝑡−1 𝑥𝑡 , 𝑥0 𝑝𝜃 𝑥𝑡−1 𝑥𝑡 →

ℒ𝑠𝑖𝑚𝑝𝑙𝑒 𝜃 = 𝜖𝜃 𝑥𝑡 − 𝜖𝑡 2

2

▪ Classifier-free guidance(CFG): Ƹ𝜖 𝑥𝑡 , 𝑡, 𝑐 = 𝜖𝜃 𝑥𝑡 , 𝑡, ∅ + 𝑠(𝜖𝜃 𝑥𝑡 , 𝑡, 𝑐 − 𝜖𝜃 𝑥𝑡 , 𝑡, ∅ )

10
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Diffusion based Transformer

Large Language Diffusion Models (Nie et al., 2025, Neurips 2025 Oral)

▪ Forward process: 𝑞𝑡|0 𝑥𝑡 𝑥0 = ς𝑖=1
𝐿 𝑞𝑡|0(𝑥𝑡

𝑖|𝑥0
𝑖 )

▪ 𝑞𝑡|0 𝑥𝑡
𝑖 𝑥0

𝑖 = ൝
1 − 𝑡, 𝑥𝑡

𝑖 = 𝑥0
𝑖 ,

𝑡, 𝑥𝑡
𝑖 = 𝑀,𝑀 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 𝑚𝑎𝑠𝑘 𝑡𝑜𝑘𝑒𝑛

▪ Loss (training) : ℒ 𝜃 = −𝔼𝑡,𝑥0,𝑥𝑡
1

𝑡
σ𝑖=1
𝐿 1 𝑥𝑡

𝑖 = 𝑀 𝑙𝑜𝑔𝑝𝜃(𝑥0
𝑖 |𝑥𝑡)

11
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Energy-Based Transformer 

▪ Energy-Based Transformers(Gladstone, Alex et al, 2026) perform energy minimization in a 
locally convex representation space and automatically stop upon convergence, enabling 
scalable unsupervised System 2 Thinking

12

Energy based

Transformer

X. 𝑎𝑝𝑝𝑒𝑛𝑑(ො𝑥𝑡+1)

𝑋
ො𝑥𝑡+1

while ො𝑥𝑡+1 != 

<end of sentence>

෤𝑥𝑗

while 

෤𝑥𝑗 − ෤𝑥𝑗−1 < 𝜀

෤𝑥𝑗+1 = ෤𝑥𝑗 − 𝛼∇ ෤𝑥𝑗𝐸𝜃 𝑋, ෤𝑥𝑗 + 𝜂𝑗 , 𝜂𝑗~𝒩(0, 𝜎)

𝒩(0, Ι)

𝜂𝑗 , 𝑖𝑛𝑠𝑝𝑖𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑙𝑎𝑛𝑔𝑒𝑣𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠
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Energy-Based Transformer 

▪ ENERGY-BASED TRANSFORMERS ARE SCALABLE  LEARNERS AND 
THINKERS (Gladstone, Alexi et al. , ICLR 2026 Oral)

13
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Energy-Based Transformer 

▪ ENERGY-BASED TRANSFORMERS ARE SCALABLE  LEARNERS AND 
THINKERS (Gladstone, Alexi et al. , ICLR 2026 Oral)
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Hierarchical Reasoning Model

▪ Inspired by brain dynamics, HRM was designed two Transformer-based modules :             
H module (slower timescales like theta waves) and L module (fast timescales like gamma 
waves)

▪ Deep supervision, 1-step Approximate gradient  and Adaptive Computational 
Time(ACT), the model learns dynamic thinking trajectories end-to-end, without requiring 
fixed noise schedules(DiT) or predefined convexity assumptions(EBT).

15

input

𝑐
𝒩(0, Ι)

𝑧𝑡
෠𝑌

𝐴𝐶𝑇ℎ𝑎𝑙𝑡, 𝐴𝐶𝑇𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒

෠𝑌

L
 M

o
d
u
le

L
 M

o
d
u
le

L
 M

o
d
u
le

H
 M

o
d
u
le

While 𝐴𝐶𝑇ℎ𝑎𝑙𝑡 > 𝐴𝐶𝑇𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒

𝑧𝑡. 𝑑𝑒𝑡𝑎𝑐ℎ()

𝑆𝑒𝑔𝑚𝑒𝑛𝑡
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Hierarchical Reasoning Model

▪ Hierarchical Reasoning Model (Sapient Intelligence, arXiv 25.06)

16
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Hierarchical Reasoning Model

▪ Hierarchical Reasoning Model (Sapient Intelligence, arXiv 25.06)
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Hierarchical Reasoning Model

▪ Hierarchical Reasoning Model (Sapient Intelligence, arXiv 25.06)

18

𝑠0 𝑠1 𝑠2 𝑠3

𝑥0 𝑥1 𝑥2 𝑥3

𝐸0 𝐸1 𝐸2 𝐸3
𝝏𝑬𝟐
𝝏𝒔𝟐

𝝏𝒔𝟐
𝝏𝒔𝟏

𝝏𝒔𝟏
𝝏𝒔𝟎

𝑠0 𝑠1 𝑠2 𝑠3

𝑥0 𝑥1 𝑥2 𝑥3

𝐸0 𝐸1 𝐸2 𝐸3
𝝏𝑬𝟐
𝝏𝒔𝟐

Detach()

BPTT(Backpropagation Through Time) (Werbos, 1990)

1-step Approximation (Geng, 2021)

𝝏𝑬𝟐
𝝏𝒔𝟐

𝝏𝑬𝟐
𝝏𝒔𝟐
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Hierarchical Reasoning Model

▪ Deep Equilibrium Model(DEQ): Ideal Segment State of HRM

• The low-level state 𝑧𝐿
∗ is defined as the fixed point of repeated updates:

𝑧𝐿
∗ = 𝑓𝐿(𝑧𝐿

∗, 𝑧𝐻
𝑘−1, ෤𝑥; 𝜃𝐿) 

• Where the iterative application of 𝑓𝐿 cause the system to converge to the fixed point 𝑧𝐿
∗.  When the H-

module receives this converged result and performs a single update, it is defined as:

𝑧𝐻
𝑘 = 𝑓𝐻 𝑧𝐻

𝑘−1, 𝑧𝐿
∗, ෤𝑥; 𝜃𝐻 , 𝑧𝐻

∗ = 𝐹 𝑧𝐻
𝑘−1, ෤𝑥; 𝜃

• Let 𝐽𝐹 =
𝜕𝐹

𝜕𝑧𝐻
, At the fixed point, the gradient with respect to parameters satisfies:

𝜕𝑧𝐻
∗

𝜕𝜃
= 𝐽𝐹

𝜕𝑧𝐻
∗

𝜕𝜃
+

𝜕𝐹

𝜕𝜃
which leads to:  

𝜕𝑧𝐻
∗

𝜕𝜃
= 𝐼 − 𝐽𝐹

−1 𝜕𝐹

𝜕𝜃

• Using the Neumann series expansion,   

𝐼 − 𝐽𝐹
−1 = 1 + 𝐽𝐹 + 𝐽𝐹

2 + 𝐽𝐹
3… , 𝐼 − 𝐽𝐹

−1 ≅ 𝐼

19
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Hierarchical Reasoning Model

▪ Deep Supervision 

• When the recursive structure of HRM is trained with deep supervision:

• 1. Continuous feedback enables iterative updates, similar to diffusion models that learn from the 
error at each step.

• 2. Long-term credit assignment (e.g., the vanishing gradient problem) can be handled 
approximately and locally, leading to more stable training.

 

20
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Hierarchical Reasoning Model

▪ Adaptive computational time (ACT) 
• The objective of ACT is to enable the model to autonomously decide how much computation is 

required for each input.

• Q-HEAD

− At segment m, the H-module produces Q-values via a Q-head: 

෡𝑸 = 𝝈 𝜽𝑸
𝑻𝒛𝑯

𝒎𝑵𝑻 = (෡𝑸𝒉𝒂𝒍𝒕
𝒎 , ෡𝑸𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒆

𝒎 )

• Halting Policy

− The halting policy is constrained by a maximum and minimum number of segments, 𝑴𝒎𝒂𝒙 𝒂𝒏𝒅𝑴𝒎𝒊𝒏. With 
probability 𝜺, the minimum number of segments is sampled as 𝑴𝒎𝒊𝒏 ~ 𝑼𝒏𝒊𝒇𝒐𝒓𝒎{𝟐,… ,𝑴𝒎𝒂𝒙} , and with 
probability 1 − 𝜀,𝑴𝒎𝒊𝒏 = 𝟏.

− The model halts when:

− 𝒎 > 𝑴𝒎𝒊𝒏 && ෡𝑸𝒉𝒂𝒍𝒕
𝒎 > ෡𝑸𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒆

𝒎 OR 𝒎 > 𝑴𝒎𝒂𝒙

• ACT as Episodic MDP

− State at step 𝑚: 𝑧𝑚, Action space : {halt, continue} 

− The target values are defined as:
෡𝑮𝒎 = (෡𝑮𝒉𝒂𝒍𝒕

𝒎 , ෡𝑮𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒆
𝒎 )

෡𝑮𝒉𝒂𝒍𝒕
𝒎 = 𝟏 ෝ𝒚𝒎 = 𝒚 ,

෡𝑮𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒆
𝒎 = ൝

෡𝑸𝒉𝒂𝒍𝒕
𝒎 , 𝒊𝒇 𝒎 ≥ 𝑴𝒎𝒂𝒙

𝒎𝒂𝒙(෡𝑸𝒉𝒂𝒍𝒕
𝒎 , ෡𝑸𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒆

𝒎 ), 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆.

• ACT Objective

𝑳𝑨𝑪𝑻
𝒎 = 𝑳𝒐𝒔𝒔 ෝ𝒚𝒎, 𝒚 + 𝑩𝑪𝑬(෡𝑸𝒎, ෡𝑮𝒎)

21
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Hierarchical Reasoning Model

▪ Adaptive computational time (ACT) 

22



P
ro

f. H
y
erim

 B
ae  (h

rb
ae@

p
u
sa

n
.ac.k

r)

Hierarchical Reasoning Model

▪ Less is More: Recursive Reasoning with Tiny Networks (Samsung, arXiv, 2510)

• 1. Limitations of the fixed-point assumption, particularly the reliance on one-step approximation.

• 2. The H-module and L-module architecture contributes only marginally to performance.

• 3. Deep supervision is the primary driver of strong performance.

• 4. Q-learning can be replaced with a simple binary classifier.

 

23
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Hierarchical Reasoning Model

▪ Less is More: Recursive Reasoning with Tiny Networks (Samsung, arXiv, 2510)

24

Remove H,L Module

Q Learning to

Simple Classifier

Remove 1-step Approximation
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Scaling Latent Reasoning

▪ Scaling Latent Reasoning via Looped Language Models (ByteDance Seed, Zhu et 
al, arXiv, 25.10)

Looped

Language

X. 𝑎𝑝𝑝𝑒𝑛𝑑(ො𝑥𝑡+1)

𝑋
ො𝑥𝑡+1

while ො𝑥𝑡+1 != 

<end of sentence>

෤𝑥𝑗

while 

𝐶𝐷𝐹𝑡 < 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

𝜂𝑗 , 𝑖𝑛𝑠𝑝𝑖𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑙𝑎𝑛𝑔𝑒𝑣𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠



P
ro

f. H
y
erim

 B
ae  (h

rb
ae@

p
u
sa

n
.ac.k

r)

Scaling Latent Reasoning

▪ Scaling Latent Reasoning via Looped Language Models (ByteDance Seed, Zhu et 
al, arXiv, 25.10)



P
ro

f. H
y
erim

 B
ae  (h

rb
ae@

p
u
sa

n
.ac.k

r)

Scaling Latent Reasoning

▪ Scaling Latent Reasoning via Looped Language Models (ByteDance Seed, Zhu et 
al, arXiv, 25.10)

• Exit probability: 𝜆𝑡 𝑥 = 𝜎 𝐿𝑖𝑛𝑒𝑎𝑟𝜙 ℎ 𝑡 ∈ (0,1)

• Not exiting in the first 𝑡 steps : 𝑆𝑡 𝑥 = ς𝑗=1
𝑡 (1 − 𝜆𝑗 𝑥 ) , 𝑆0 𝑥 = 1

• ෥𝑝𝑡 𝑥 = 𝜆𝑡 𝑥 𝑆𝑡−1 𝑥 , 𝑡 = 1,… , 𝑇𝑚𝑎𝑥 − 1



P
ro

f. H
y
erim

 B
ae  (h

rb
ae@

p
u
sa

n
.ac.k

r)

Scaling Latent Reasoning

▪ Scaling Latent Reasoning via Looped Language Models (ByteDance Seed, Zhu et 
al, arXiv, 25.10)

• Stable Training (Stage 1a, Stage 1b) : Joint training of the LM and the gating mechanism 
for stable adaptive computation.

• CT Annealing (Stage 2) : Freeze the LM and train only the gate to refine depth allocation.

• LongCT (Stage 3) : Extend the context window using long-sequence training.

• Mid-training (Stage 4) : Improve overall model capability using high-quality curated 
datasets.

• Reasoning SFT (Post Training): Enhance reasoning performance through supervised 
fine-tuning on reasoning-focused data.
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Deep Up-Scaling

From an analysis of the roles of Transformer blocks in LLMs, the early blocks perform 
representation in a latent space (Enrichment Phase), the middle blocks perform thinking 
(Plateau Phase), and the later blocks change the representation back to the original space
(Extraction Phase) (Tikhonov et al., CIKM 2025).
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Deep Up-Scaling

▪ Upstage (Upstage, NAACL 2024) achieved performance improvements by applying Deep 
Up-Scaling to the LLaMA 2.0 model. Similarly, Mi:dm 2.0 (KT, arXiv 2601) applies Deep 
Up-Scaling to its internally pretrained model, which is submitted to 독파모.

30

X. 𝑎𝑝𝑝𝑒𝑛𝑑(ො𝑥𝑡+1)

𝑋 ො𝑥𝑡+1

while ො𝑥𝑡+1 != 

<end of sentence>

Original Model
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Deep Up-Scaling

▪ Deep Up-Scaling
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Deep Up-Scaling

▪ Deep Up-Scaling

32
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Deep Up-Scaling

▪ Deep Up-Scaling
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Future Work

34

X. 𝑎𝑝𝑝𝑒𝑛𝑑(ො𝑥𝑡+1)

𝑋

ො𝑥𝑡+1

while ො𝑥𝑡+1 != 

<end of sentence>

E
n
co

d
er

D
ec

o
d
er

While Q > 

ThreshHold

Original Model

Thinker
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Future Work
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